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Abstract	
With	the	growth	of	world	economy,	the	development	of	health	care,	the	change	of	disease	
spectrum	and	the	improvement	of	life	expectancy,	the	follow‐up	studies	on	clinical	trials	
and	epidemiology	of	tumor,	chronic	diseases	and	senile	diseases	are	becoming	more	and	
more	important.	The	data	of	these	clinical	trials	and	follow‐up	studies	can	be	sorted	into	
survival	data.	Survival	analysis	 is	a	subject	 that	makes	statistical	 inference	on	one	or	
more	non	negative	random	variables,	studies	survival	phenomenon	and	response	time	
data	and	their	statistical	laws.	At	present,	Cox	proportional	hazard	regression	model	is	
still	the	most	commonly	used	method	for	multivariate	analysis	of	survival	data.	Due	to	
the	 wide	 range	 of	 application	 of	 Cox	 model,	 analysts	 often	 ignore	 its	 application	
condition	proportional	hazard	 assumption,	which	directly	 affects	 the	 stability	 of	 the	
model.	This	paper	systematically	discusses	the	common	methods	of	Cox	model	to	test	
the	proportional	hazard	hypothesis	from	two	aspects:	graphical	method	and	hypothesis	
testing	method.	This	paper	 studies	 six	graphical	methods,	namely	direct	observation	
method,	 Cox	 &	 K‐M	 comparison	 method,	 log‐log	 image	 method,	 various	 graphical	
methods	based	on	cumulative	hazard	function,	Schoenfeld	residual	diagram	and	score	
residual	diagram.	 In	addition,	 five	hypothesis	 testing	methods	are	studied,	which	are	
linear	correlation	 test,	 time	covariate	 test,	weighted	residual	score	 test,	omnibus	 test	
and	a	new	 cubic	 spline	 function	method.	This	paper	explores	 the	principles	of	 these	
methods	and	compares	their	advantages	and	disadvantages.		
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1. 	Introduction	

1.1. Background	
Survival analysis refers to the method of analyzing and inferring the survival time of organisms 
or people and studying the relationship between survival time and outcome and many 
influencing factors and the extent of it according to the data obtained from the experiment or 
investigation, also known as survival analysis or survival analysis. This "survival time" can be 
broadly understood as the duration of a certain state in nature, human society, technological 
process, and market behavior. Survival analysis is widely used in medicine, biology, insurance, 
engineering science, psychology, economics, market research and analysis and other scientific 
fields. In the past twenty or thirty years, in the statistical research of survival data, many 
methods and models have both important theoretical significance and wide application value. 
Cox model is the most commonly used semi-parametric model for multivariate analysis of 
survival data. Cox regression model, also known as "Cox Proportional Hazards Regression 
Model", is a semi-parametric regression model proposed by the British statistician D.R.Cox 
(1972)[1]. With survival outcome and survival time as dependent variables, the model can 
analyze the impact of many factors on survival time at the same time, it can also analyze data 
with truncated survival time and does not require to estimate the survival distribution type of 
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the data. Because of the above excellent properties, the model has been widely used in medical 
follow-up studies since its inception, and is the most widely used multifactor analysis method 
in survival analysis.  
Since the Cox (1972) model was proposed, it has made breakthroughs in the analysis of deleted 
survival data. This model can be used to compare and test the treatment effect based on the 
occurrence of certain events while adjusting the influence of accompanying variables. A key 
assumption of the model is that the function of the two covariate values is independent of time, 
which is called the Proportional Hazards Assumption(PH assumption). Although Cox 
regression model makes multivariate analysis in survival data possible, since it depends on this 
strict assumption, if the data cannot be met, it will greatly affect the interpretation of the results, 
and even lead to wrong conclusions. Therefore, before using Cox model as an analysis tool, it is 
necessary to test the validity of model assumptions. If this assumption is violated, the simple 
Cox model is invalid and requires more complex analysis. At present, Cox regression model is 
abused to some extent. Most researchers ignore the test of PH assumption when using this 
method, which affects the authenticity and reliability of the results. This paper hopes to 
summarize the existing testing methods of PH assumption, so as to prompt readers to 
reasonably use Cox regression model, select appropriate methods to test the applicability of 
data, and establish a stable and effective model. 

1.2. Literature	Review		
Since the introduction of Cox regression model, people have proposed several methods to test 
the proportional hazard hypothesis. Among them, some authors put forward the graphical 
method to check the proportional hazard hypothesis. For example, the Cox&K-M comparison 
method proposed by Cox himself (Cox 1972) in  "Cox Regression Model and Life Table" is to 
compare survival curves based on Cox model and non-parametric methods such as Kaplan-
Meier estimation. This method was extended by Harrel and Lee et al. (1986) and can be used 
for the analysis of counting data, grade data and measurement data. The measurement data 
shall be discretized first, and then the Cox and K-M curve results of each group shall be 
compared. Sehoenfeld (1982) defined a partial residual for the proportional hazard model, 
called Sehoenfeld residual. The Sehoenfeld residual plot can be used to test the PH hypothesis. 
Later, Grambsch and Therneau (1994) adjusted the scale of Schoenfeld residuals and proposed 
the scaled Schoenfeld residuals. The above two scholars (Grambsch and Therneau 1990) also 
mentioned the score residual in another document, "Survival model based on martingale 
residual", which can also be used in more complex situations as an extension of Schoenfeld 
residual. In addition, Hess (1995) summarized several commonly used graphical methods of 
cumulative hazard function, which can be used to test PH hypothesis. In addition to the methods 
mentioned above, there are also Aalen graphical method proposed by Aalen (1980), UCP 
(Updated Covariant Percentage) graphical method proposed by Anderson (1982), and Arjas 
graphical method proposed by Arjas (1988). However, due to the relatively complex calculation 
process and no corresponding software module can be directly drawn, it will not be described 
in detail in this paper. 
Similarly, some statisticians put forward a variety of non-graphical methods based on 
hypothesis test and different test statistics. When Cox (1972) proposed the Cox model, he 
proposed a method to check the PH hypothesis by introducing a constructed time-dependent 
covariate into the model, that is, adding a time-dependent interaction term to the model, and 
then testing the significance of the interaction term. The common linear correlation test method 
originated from the concept of partial residual put forward by Schoenfeld (1982), and was 
improved by Harrel and Lee (1986), and gradually developed into a simple PH hypothesis test 
method. The linear correlation test method is also applicable to other forms of residual, such as 
martingale residual. The linear correlation test method is simple in principle, uses the 



International	Journal	of	Social	Science	and	Education	Research																																																														Volume	6	Issue	4,	2023	

ISSN:	2637‐6067																																																																																																																										DOI:	10.6918/IJOSSER.202304_6(4).0004	

25 

traditional hypothesis test method, provides statistics and p values, is simple and effective, and 
the results are objective and easy to judge. Some researchers, such as Kay (1984), Harrel and 
Lee (1986), believe that to test the PH hypothesis of the Cox regression model, we can also 
divide the survival time into several disjoint intervals in advance, and fit the Cox model in each 
interval to compare whether the regression coefficients in different intervals are consistent. 
According to this idea, Moreau et al. (1985) proposed the Omnibus method, which was 
extended by O 'Quigley and Pessione (1989) and became a special case of the time-dependent 
covariate method. Later, Grambsch and Therneau (1994) further proposed the weighted 
residual score method, which is similar to the synthesis of the time-dependent covariate 
method and the linear correlation test method. Other feasible test methods include the 
generalized moment test proposed by Horowitz et al. (1992), the linear rank test proposed by 
Chappell (1993), and the score test proposed by Lin DY et al. (1993). The simulation study by 
Nicholas (1997) shows that compared with other methods, the time-dependent covariate 
method, linear correlation test method and weighted residual score method have higher 
accuracy in testing the PH hypothesis, so this paper will focus on these methods. 

1.3. Basic	Concept	
The basic form of Cox proportional hazard regression model is as follows: 
 

ℎ 𝑡, 𝑋 ℎ 𝑡 exp 𝛽 𝑋 𝛽 𝑋 ⋯ 𝛽 𝑋                                    (1) 
 
Where 𝛽 , 𝛽 , … , 𝛽  is the partial regression coefficient of the independent variable, which is a 
parameter to be estimated from the sample data. ℎ 𝑡  is the baseline hazard rate of ℎ 𝑡, 𝑋  
when the vector X is 0, which is the quantity to be estimated from the sample data. This formula 
is called Cox regression model for short, and can also be written in the following form: 
 

𝑙𝑛 ℎ 𝑡, 𝑋 ℎ 𝑡⁄ 𝑙𝑛𝑅𝑅 𝛽 𝑋 𝛽 𝑋 ⋯ 𝛽 𝑋                                 (2) 
 
Cox regression model is a semi-parametric model because it contains ℎ 𝑡  while the 
parameter 𝛽 can still be estimated according to formula (1). 
Hazard ratio is the ratio of the expected hazards of two individuals: 
 

𝐻𝑅 , ∗

,
                                                                         (3) 

 

𝑋∗ 𝑋∗, 𝑋 ,
∗ , … , 𝑋∗  and 𝑋 𝑋 , 𝑋 , … , 𝑋  represent two different individuals. 

For Cox model, hazard ratio of different individuals 𝑋∗ and 𝑋 : 
 

𝐻𝑅 , ∗

,

 ∗

 
𝑒𝑥𝑝 𝛽 𝑋∗ 𝑋                                        (4) 

 
It is independent of the benchmark hazard function and does not change over time. 
Proportional Hazards Assumption (PH Assumption): Assume that the risk ratio is fixed, that is, 
the influence of covariates on survival probability does not change over time, which means 
ℎ 𝑡, 𝑋 ℎ 𝑡⁄  does not change over time. Because the hazard ratio does not change with time, 
it is proportional with time. Therefore, Cox model is also called proportional hazard rate model 
(PH model). This assumption is the prerequisite for establishing the Cox regression model. The 
Cox model is valid only when this assumption is satisfied. 
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1.4. Content	
In this study, the inspection methods related to PH assumption are roughly divided into 
graphical method and normal hypothesis testing method. The graphical method is to determine 
whether the data meets or approximately meets the model assumptions by observing whether 
the distribution or trend of the scattered points in the scatter diagram meets the shape under 
the basic assumptions of the established model; The normal hypothesis test method is to 
determine whether the data meets or approximately meets the model assumption by 
constructing a test statistic that follows a known distribution under the basic assumption of the 
given model and using the p-value of the normal hypothesis test. 
Six graphical methods are studied in this paper, including direct observation method, Cox&K-
M comparison method, log-log image method, multiple graphic methods based on cumulative 
hazard function, Schoenfeld residual diagram, and Score residual diagram. This paper also 
studies five hypothesis testing methods, namely: linear correlation test, time-dependent 
covariate method, weighted residuals score method, Omnibus test method and a new cubic 
spline function method. 
According to the idea of split survival time, this paper introduces a method to test the PH 
assumption of Cox regression model using cubic spline function. This method uses the spline 
function of time to avoid the problem of determining the specific function form of time on the 
whole time t and then modeling the Cox model in the time-dependent covariate method. 

2. Graphical	Method	

2.1. Direct	Observation	Method	
Observe whether the Kaplan-Meier survival curve of each qualitative independent variable at 
each level has a crossover. If there is a crossover, it means that the qualitative independent 
variable does not meet the proportional hazard assumption. However, when there is no obvious 
crossover, it does not mean that the independent variable must meet the PH assumption, and 
further verification is needed. 

2.2. Cox&K‐M	Comparison	Method	
This method was first proposed by Cox himself in "Cox regression model and life table" in 1972, 
that is to compare the morphological differences of survival curves based on Cox model and 
other non-parametric methods such as Kaplan-meier estimation. If the trend of the two curves 
is basically the same and there is no intersection, it indicates that the PH assumption is met. 
Similarly, since 𝐻 𝑡 𝑙𝑜𝑔𝑆 𝑡  , the cumulative hazard function curve of the Cox model can 
be compared with the kaplan-meier cumulative hazard function curve. If there is a cross, it 
indicates that the PH assumption is violated. This method is extended by Harrel and Lee, and 
can be used for the analysis of continuous variables or hierarchical variables. For continuous 
variables, it is necessary to discretize the variables and then compare the Cox and K-M curve 
knots of each group[2]. 
This method skillfully utilizes the correlation between the risk functionℎ 𝑡 , cumulative hazard 
function 𝐻 𝑡 ℎ 𝑢 𝑑𝑢  and survival function 𝑆 𝑡 exp 𝐻 𝑡 , and compares the 
observed "non-model-based" survival curve with the predicted "model-based" survival curve, 
which is simple, intuitive and easy to interpret. However, this method is difficult to determine 
whether the difference between Cox model and K-M curve is due to sampling error or real trend. 
Hess suggested that adding confidence interval to the survival curve might help, but the 
calculation and drawing of confidence interval would increase the difficulty of analysis and 
affect the subjectivity of judgment[10]. 
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2.3. Log‐log	Plot	Method	
For each level group of specific qualitative independent variables, draw the relationship plot 
between log 𝑙𝑜𝑔𝑆 𝑡  and survival time or logarithm of survival time. If the line segments are 
obviously not parallel, it means that the qualitative independent variables do not conform to 
the proportional hazards assumption. 
For 0-1 variables (i.e. survival data of two samples), the following expressions are valid when 
the PH assumption is satisfied: 
 

ℎ 𝑡, 𝑋 ℎ 𝑡 exp 𝛽𝑋                                                               (5) 
 

𝐻 𝑡, 𝑋 ℎ 𝑢, 𝑋 𝑑𝑢 ℎ 𝑢 exp 𝛽𝑋 𝑑𝑢 exp 𝛽𝑋 ℎ 𝑢 𝑑𝑢 𝐻 𝑡 exp 𝛽𝑋     (6) 

 
𝑙𝑜𝑔𝐻 𝑡 𝑙𝑜𝑔𝐻 𝑡 𝛽𝑋                                                             (7) 

 
log 𝑙𝑜𝑔𝑆 𝑡 log 𝑙𝑜𝑔𝑆 𝑡 𝛽𝑋                                                 (8) 

 
Therefore, the two curves should be roughly parallel or equidistant from each other. 
For multivariable Cox model, the data can be divided into several layers according to a certain 
variable in the model, and the Cox model can be fitted for each layer. If the value of each layer 
is close to the original model, and the graph of each layer to t is roughly parallel, the hazard rate 
is proportional, and it is appropriate to introduce this variable into the model. 

2.4. Graphical	Method	Based	on	Cumulative	Hazard	Function	
It can be observed that:  
(1) the trend plot of the cumulative hazard function against time t, if the proportion is constant; 
(2) The trend plot of the cumulative hazard function for the benchmark cumulative hazard 
function, if the slope is constant; 
(3) The trend plot of the log of the cumulative hazard function against time t, if parallel; 
(4) The trend plot of the log of the cumulative hazard function difference against time t is 
constant if it is constant. 
The above four can all be considered that the data meets PH assumption[3]. 
According to formulas (1) - (4), when the PH assumption is true, the ratio between different 
groups in the cumulative hazard function curve and the ratio between different groups in the 
log of the cumulative hazard function curve should be constant, that is, displayed as 
proportional or parallel to each other. 

2.5. Plotting	Schoenfeld	residual	
For continuous independent variables, the Schoenfeld residual plot and Score residual plot can 
be used to judge, or the continuous independent variables can be qualitative, and then the 
graphical method mentioned before can be adopted. 
Based on the correlation between the above methods and time variables, Schoenfeld defined a 
partial residual independent of t to test the PH assumption of Cox regression model. 
Make 𝑅  is the hazard set at time 𝑡  (i.e. when the event of the ith individual occurs), then the 
partial residual of the individual can be expressed as 𝑟 𝑋 𝐸 𝑋 |𝑅 , where 
 

𝑟 𝑟 , 𝑟 , … , 𝑟                                                                        (9) 
 



International	Journal	of	Social	Science	and	Education	Research																																																														Volume	6	Issue	4,	2023	

ISSN:	2637‐6067																																																																																																																										DOI:	10.6918/IJOSSER.202304_6(4).0004	

28 

𝐸 𝑋 |𝑅
∑ ∈

∑ ∈
                                                           (10) 

 
𝐸 𝑋 |𝑅  is the conditional expectation under the given risk set 𝑅 . If the Schoenfeld residual 
value is positive, it means that the actual value of X is higher than the expected value at the 
corresponding time of death. 𝛽  can be obtained from the maximum partial likelihood 
estimation under the PH assumption. Because 𝛽 is the solution of ∑ 𝑋 𝐸 𝑋 |𝑅 0, it can 

be proved that when PH assumption is satisfied, 𝐸 �̂� ∑ 𝑋 𝐸 𝑋 |𝑅 0 , and �̂�  is 

approximately uncorrelated[4]. If we draw a generalized linear regression plot of Schoenfeld 
residual and survival time, i.e. the plot of �̂�  versus 𝑡 , the plot should fluctuate around 0. If the 
curve presents a non-zero slope, it means that the variable does not meet the PH assumption. 
Grambsch and Therneau (1994) adjusted the scale of Schoenfeld residuals, and proposed the 
scaled Schoenfeld residuals(also called standardized Schoenfeld residuals or weighted 
Schoenfeld residuals), which are expressed as follows: 
 

𝑟∗ 𝑟 ∙ 𝑑 ∙ 𝑆                                                                    (11) 
 

Where, d is the number of all non-censored observations in the data. The purpose of scaling is 
to make 𝑟∗ and  𝛽 have the same scale. Under the PH assumption, the plot of �̂�  versus 𝑡  should 
centre around 0, otherwise the PH assumption is violated[5]. 
However, the scatter trend in the Schoenfeld residual plot is difficult to evaluate, especially for 
binary variables. Lowess (locally weighted scatterplot smoothing) smoothing method and the 
estimation of its confidence interval can help estimate the trend of the scatter, play a greater 
role in the readability of the residual plot, and separate the actual PH test results from the 
random trend. 

2.6. Plotting	Score	residual	
Score residual is a decomposition of the log of the partial likelihood of Cox model to the first 
order partial derivative of 𝛽 . It is a martingale transformation residual proposed by Therneau 
and Gramsch (1990). The score residual of the k-th variable of the i-th observation can be 
expressed as: 
 

𝐿 𝑋 𝑋 𝑑𝑀                                                              (12) 
 

 
𝑀 𝛿 𝐻 𝑡 exp 𝛽𝑋                                                             (13) 

 
Where 𝑀  is martingale residual, δ is the censoring indicator variable. A plot of  𝐿  versus 𝑡  
can evaluate whether the covariate effect monotonically increases or decreases with time[6]. 
The advantage of Score residual plot is that continuous variables do not need to be discretized, 
and only need to fit one Cox model. 

3. Hypothesis	Test	

3.1. Linear	Correlation	Test	
This method originated from the concept of partial residual put forward by Schoenfeld, and was 
improved by Harrell and Lee, and gradually developed into a simple method to test PH 
assumption[2]. The principle is that if the data meets the PH assumption, the Schoenfeld 
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residual does not depend on the survival time, and there is no correlation between the 
Schoenfeld residual and the rank of the survival time. So just check the correlation coefficient 
𝜌 between them and ensure 𝜌 0, it can be proved that the data meets the PH assumption. 
Based on this, test statistics can be constructed: 
 

𝑧 𝜌 𝑑 2 1 𝜌⁄ ~𝑁 0,1                                                     (14) 

 
Where 𝜌 is the correlation between Schoenfeld residuals and the rank of survival time, and d is 
the total number of uncensored observations. If the hazard ratio of the covariate value increases 
with time, the test statistic tends to be positive; If the hazard ratio decreases over time, the test 
statistics tend to be negative. 
Specifically, the calculation steps are generally as follows: 
(1) Calculate Schoenfeld residual; 
(2) Sort the uncensoredsurvival time and create a new variable to record the event occurrence 
rank 1, 2, 3... If the same survival time (knot) occurs, record it with the average rank; 
(3) Carry out hypothesis test to test the correlation between Schoenfeld residual and survival 
time rank in the first two steps. The original assumption is that the correlation between the two 
is zero(𝐻 : 𝜌 0). If the null hypothesis is rejected, it indicates that the data does not meet the 
PH assumption. 
This method does not need to layer time and covariates, but can also use other types of residuals, 
such as martingale residuals and smooth Schoenfeld residuals. The test statistics are obtained 
by Fisher’s z-transformation of Pearson correlation between residual and the rank order of 
failure time. When there is a knot failure time, the weighted correlation coefficient is calculated 
by using the number of knot failure times as the weight. 

3.2. Time‐dependent	Covariate	Method	
When Cox (1972) proposed the Cox model, he proposed the method of checking PH assumption 
by introducing a constructed time-dependent covariate, that is, adding a time-dependent 
interaction term, such as 𝑋 ∙ 𝑔 𝑡 , to the model, and then testing its significance[1]. Where 𝑔 𝑡  
is a time function. In this way, in order to check the PH assumption, an extended Cox model with 
time-dependent covariates determined by a certain time function is fitted: 
 

𝑧 𝜌 𝑑 2 1 𝜌⁄ ~𝑁 0,1                                              (15) 

 
And there is:  
 

𝑙𝑛𝐻𝑅 𝑋 𝑋 𝛽 𝛾 ∙ 𝑔 𝑡                                             (16) 
 
𝑔 𝑡  is a non-zero time function corresponding to X, such as 𝑔 𝑡 𝑡, 𝑙𝑜𝑔 𝑡 , 𝑟𝑎𝑛𝑘 𝑡  , etc. The 
hazard ratio is constant at all times only when 𝛾 0. If 𝛾 0, the hazard ratio increases linearly 
with time; if 𝛾 0, the hazard ratio decreases linearly with time. The test of PH assumption can 
be transformed into the test of 𝛾 0. 
To test 𝐻 : 𝛾 0 , i.e. PH assumption, the likelihood ratio test statistic 2𝑙𝑛 𝐿 𝛽, 0 /
𝐿 𝛽, 𝛾 ~𝜒 1  can be calculated , at the same time score statistics and Wald statistics can also 
be obtained (using the inverse of the negative second order partial derivative matrix to obtain 
𝑉 𝛾 ). This test statistic does not need to partition time or covariates. In addition, as mentioned 
in the previous graphical method, the trend plot of lnHR against time t, called LHRF (Log Hazard 
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Ratio Function) plot, can also be drawn here to observe its levelness and stability, and also to 
determine whether the data meets the PH assumption. 
In addition, this method is also very important for the selection of time function 𝑔 𝑡 . In 
previous literature, monotonic functions such as linear functions, exponential functions and 
logarithmic functions are more common because they are easy to calculate and the interaction 
terms that monotonically change with time are easier to interpret. 
The research on non-monotonic time function is relatively rare. Stablein and others have 
considered using quadratic function to model. Hess proposed that piecewise linear function can 
also be used to fit the time interaction term. In the early 1990s, nonparametric models were 
gradually proposed and used. Some studies used spline functions to estimate time-dependent 
covariates without determining the specific form of the time function, which can avoid the 
result deviation caused by the wrong selection of the model and improve the test efficiency. 
However, how to select the appropriate knot location and number will become a new problem. 
Some specific methods will be mentioned later. 

3.3. Weighted	Residuals	Score	Test	
Grambsch and Therneau (1994) developed a score test based on weighted Schoenfeld residuals. 
The idea is that most common choices facing proportional hazard are represented by time-
varying coefficient models. This method is similar to the synthesis of linear correlation test and 
time-dependent covariate method. Let 𝑡 𝛽 𝛾 ∙ 𝑔 𝑡 , where g (t) is a measurable process. 
Grambsch and Therneau showed that 𝐸 𝑟 𝛽 𝑆 ∙ 𝑔 𝑡 ∙ 𝛾. 

The score test for 𝐻 : 𝛽 𝑡 𝛽 is equivalent to the generalized least squares test of Schoenfeld 
residuals. Let 𝑟∗ 𝑟∗ 𝛽 𝑆 ∙ 𝑟 𝛽  denotes the scale Schoenfeld residual, suppose 𝛽  is 
unknown, 𝛽 is the maximum partial likelihood estimation under 𝐻 , let �̂� 𝑟 𝛽 , from the 
generalized least squares estimation we can obtain: 
 

𝛾 𝐷 ∑ 𝑔 𝑡 �̂�                                                            (17) 
 
Where 
 

𝐷 ∑ 𝑔 𝑡 𝑆 ∙ 𝑔 𝑡 ∑ 𝑔 𝑡 𝑆 ∑ 𝑆 ∑ 𝑔 𝑡 𝑆                   (18) 

 
From this, we can construct an asymptotic 𝜒  statistics with degree of freedom p: 
 

∑ 𝑔 𝑡 �̂� 𝐷 ∑ 𝑔 𝑡 �̂� ~𝜒 𝑝                                                     (19) 
 
If we can conclude that 𝛽 𝑡  is independent of time, it indicates that the data meets the PH 
assumption[5]. 
�̂� is the one-step Newton-Raphson algorithm estimate of 𝑟, and the test statistic S is a Rao score 
test of 𝐻 : 𝛽, 𝛾 𝛽, 0  based on partial likelihood, and also a test for the non-zero slope of 
the generalized linear regression of the selected time function. 
One can also use 𝑟∗ 𝛽 𝑑 ∙ 𝑟 ∙ 𝑆  to calculate the scale residual, where d is the total 

number of deaths. It has been shown that 𝐸 𝑟∗ 𝛽 𝑡 , so 𝑟∗ gives a direct estimate of 𝛽 𝑡  for 
the smoothing graph of time. This test does not require the stratification of time or covariates, 
but only the Schoenfeld residual, along with the regression coefficient and covariance matrix of 
a standard time independent Cox model fit. 
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3.4. Omnibus	Test	
Some researchers believe that the PH assumption of Cox regression model can also be tested 
by dividing the survival time, that is, dividing the time into several disjoint intervals in order in 
advance, and fitting the Cox model in each interval to compare whether the regression 
coefficients in different intervals are consistent. 
Suppose time is divided into q intervals 𝜏 , 𝜏 , …, 𝜏 , 𝜏 , where 𝜏 0, 𝜏 ∞, let 
 

𝐼
1, 𝜏 𝜏
0, elsewhere

                                                                (20) 

 
Then the piecewise Cox regression model can be expressed as: 
 

ℎ 𝑡, 𝑋 ℎ 𝑡 exp 𝑋 𝛽 ∑ 𝜁 𝐼                                                   (21) 

 
That is, in the jth time interval, the value of the regression coefficient is always 𝛽 𝜁 . The PH 
assumption of the model can be verified by testing 𝜁 0  (which means test the statistic 
∑ 𝛾 𝐶 𝛾 ~𝜒 𝑝 𝑞 1 , where 𝛾 ∑ 𝛾∈ , , 𝐶 ∑ 𝑆∈ , ), or by plotting 

a piecewise linear function plot of regression coefficient against t. 
This method was originally proposed by Moreau et al.[7], then extended by O 'Quigley and 
Pessione[8], and became a special case of the time-dependent covariate method. This method 
requires that the number of events in each interval should be balanced and comparable, and 
should not be too small. How to determine the location and number of interval partition points 
has been widely discussed. Some authors believe that it is appropriate to select the time-to-
event quantiles, but this consideration is affected by the censoring mechanism, it is difficult to 
give a convincing conclusion if the survival data are not randomly censored; At the same time, 
the number of intervals also depends on the size of sample size and the distribution of survival 
time. Some authors suggest that post-analysis can be used to determine the partition point, but 
such an approach would inevitably lead to a decline in statistical efficiency and affect the 
credibility of the results. 

3.5. Cubic	Spine	Function	Method	
The purpose of the spline function is to replace the unique function f defined in the entire time 
t with several low-order polynomials (splines) defined in the sub-interval of the time t, and the 
points dividing the sub-intervals are called knots. The splines are continuous piecewise 
polynomials of order m and continuously derivable on order m-1[9]. In this way, the spline 
function is a smooth joint piecewise polynomial. Generally, if there are k knots at time 
𝑡 𝑖 1, … , 𝑘 , then time spline function can be written as 
 

𝑆 𝑡 ∑ 𝛽 𝑡 ∑ 𝜃 𝑡 𝑡                                        (22) 
 
Where if 𝑢 0, 𝑢 𝑢. Otherwise, it is 0. So there are k+m+1 regression coefficients for this 
m-order spline function(𝛽 and 𝜃). 
Splines composed of piecewise cubic polynomials can provide greater flexibility for fitting data, 
which is more common because of its smooth number of continuous first and second 
derivatives and fewer parameters than higher-order splines. 
The expression of constrained cubic spline function with k knots is : 
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𝑆 𝑡 𝛽 𝛽 𝑡 ∑ 𝜃 𝑡 𝑡                (23) 

 
In addition to t, k-2 new variables are introduced, 
 

𝑆 𝑡 𝑡         𝑖 1, … , 𝑘 2                     (24) 

 
The function family that can be fitted by three-knot cubic spline function includes constant, 
linear function, monotone function and non-monotone function. The coefficient 𝜃  of new spline 
variable can be used to test the nonlinearity of f (t). Test θ= 0 is equivalent to test the linearity 
of 𝑆 𝑡 𝛽 𝛽 𝑡 or f (t).  
The cubic spline regression model has the following advantages: (1) it provides linear statistical 
test; (2) it provides the graphical method to identify the deviation from linearity and determine 
which expression produces linearity; (3) it does not need to determine the function form but 
uses nonlinear modeling; (4) Be able to use current software to fit: (5) it can estimate 
coefficients and confidence intervals with standard methods; (6) Fit the model while adjusting 
other variables, including other spline functions; (7) The prediction equation can be generated. 
When considering PH assumption, the time-dependent covariate interaction term of a variable 
𝑥  can be used as the product term to fit the PH regression equation : 
 

ℎ 𝑡, 𝑥 ℎ 𝑡 exp 𝛽 𝑥 𝛽 𝑥 𝑓 𝑡                                              (25) 
 
Where f (t) is a function of time. The corresponding LHRF(Log Hazards Ratio Function) of 
different individuals is LHRF 𝛿 𝛽 𝛽 𝑓 𝑡 , and 𝛿 𝑥 𝑥  is the difference of 𝑥 . 
In order to generate a three-knot-time spline function in PH regression, a new time-dependent 
covariant 𝑆 𝑡  must be defined. Let t represent time, 𝑡  represents the time at which the node 
is, 
 

𝑆 𝑡 𝑡 𝑡 𝑡 𝑡 𝑡 𝑡                                  (26) 

 
The three-knot time spline function generates a new hazard function expression 
 

ℎ 𝑡, 𝑥 ℎ 𝑡 exp 𝛽 𝑥 𝛽 𝑥 𝑡 𝛽 𝑥 𝑆 𝑡                                     (27) 
 
For the unit change of 𝑥 , the corresponding LHRF is 
 

𝐿𝐻𝑅𝐹 𝛽 𝛽 𝑡 𝛽 𝑆 𝑡                                                        (28) 
 

The test of 𝛽 0 is a nonlinear time-dependent test, while the test of 𝛽 𝛽 0 is the test of 
PH assumption. The LHRF estimate and its corresponding confidence interval can be illustrated 
to visually measure the time-dependent property[11]. 
The most obvious limitation of cubic spline regression is to select the number and location of 
knots. With regard to the selection of the number and location of knots, 3-5 knots can generally 
meet the needs, and three-knot splines can also be directly extended to four-knot, five-knot or 
even more knots. Some authors suggest that the knot position should be selected at the fixed 
quantile of time. For example, select the 10th, 50th, 90th (95th) quantile for three knots, and 
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select the 5th, 25th, 75th, and 95th quantile for four knots. Using the quantile as the position of 
the knot allows us to use the information of the survival time distribution rather than the real 
value, so as to reduce the subjectivity of knot selection. Hess (1994) put forward suggestions 
on the number and location of knots: (1) The quantiles of follow-up time (i.e., time to censoring 
and time to death); (2) Near but not on the extreme value; (3) Roughly evenly distributed on 
the quantiles are roughly uniform; (4) Limit quantity. 

4. Conclusion	

This paper introduces several methods to test the proportional hazard hypothesis from two 
aspects: graphical method and hypothesis test method. Among them, several common graphical 
methods have their advantages and disadvantages. Cox&K-M comparison method is difficult to 
determine whether the difference between curves is due to sampling error or real trend and 
the cumulative hazard function method cannot provide correction suggestions when the data 
does not meet the PH assumption. In addition, they need to partition covariates when analyzing 
quantitative data. The Schoenfeld residual graphical method provides the time-dependent 
information of the covariates, which is helpful to modify the model without partitioning the 
covariates, but it is difficult to evaluate the trend of the scattered points. In general, the 
graphical method is simple, clear, and does not require complex calculations, and thus plays an 
important role in statistical diagnosis. Because of its intuitive nature, it is easier to be accepted 
by the majority of practical workers. However, the graphical method depends largely on the 
subjective judgment of researchers. 
Compared with the graphical method, the hypothesis test method is clear and easy to interpret, 
and can give more objective and accurate convincing conclusions. Among them, Nicholas (1997) 
showed that compared with other hypothesis testing methods, the time-dependent covariate 
method, the linear correlation test and the weighted residual score test have higher accuracy 
in testing the PH assumption, which are also emphasized in this paper. In addition, this paper 
also elaborates the method of using cubic spline function to estimate covariates and then test 
PH assumption. This method does not need to determine the specific form of the time function, 
it can avoid the result deviation caused by the model selection error and improve the testing 
efficiency. 
Although the hypothesis test method is more formal and reliable, the test results are affected 
by the sample size. When the sample size is small, the test sensitivity decreases. When the 
sample size is too large, the original hypothesis may be rejected due to probability reasons. 
Therefore, in practical application, the graphical method is more popular in the existing 
research. Generally, it is only necessary to judge that the established model approximately 
meets the PH assumption. When by graphical method it is difficult to determine the degree of 
deviation from PH assumption or whether the original model should be rejected and replaced 
by another model, proper judgment can be made in combination with the formal statistical test 
method of PH assumption and the actual situation of the data. If the Cox PH assumption is not 
satisfied, it can be modified by fitting the stratified Cox model or the Cox model with time-
dependent covariate interaction term on the basis of full analysis of the original data. 
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